Abstract. In earlier papers, we have studied the turbulent flow exponents ζ p , where |∆v| p ∼ ℓ ζ p and ∆v is the contribution to the fluid velocity at small scale ℓ. Using ideas of non-equilibrium statistical mechanics we have found
In previous papers ( [6] , [7] , [8] ) we have used ideas of non-equilibrium statistical mechanics to study hydrodynamic turbulence. In particular we have analyzed the exponents ζ p , where |∆v| p ∼ ℓ ζ p and ∆v is the contribution to the fluid velocity at small scale ℓ. These exponents were discussed earlier in [2] , [3] . Here we find these exponents ζ p to satisfy
where 1/ ln κ is experimentally ≈ 0.32 ± 0.01. In this note we give a more physical presentation of our basic ideas (Section 1), then derive equation (1) (Section 2). We also discuss briefly the distribution of radial velocity increments (Section 3). Finally we give an estimate ≈ 100 for the Reynolds number at the onset of turbulence (Section 4).
1. Introduction and basic probability distribution.
We consider a viscous incompressible fluid in 3 dimensions where energy is input at a large spatial scale ℓ 0 . The energy then goes down to small spatial scales through a cascade of eddies of increasing order n so that the fluid velocity field v is v = n≥0 v n and the sum is cut off by viscous dissipation when the size of the n-th order eddies is small enough.
We assume that (starting from a "zero-th order eddy" of size ℓ 0 ) an eddy of order n−1 contained in a ball R (n−1)i decomposes after time T (n−1)i into eddies of order n contained in balls R nj ⊂ R (n−1)i . The balls R nj of a given order form a partition of 3-space into roughly spherical polyhedra of linear size ≈ ℓ nj . [In earlier papers we took the R nj to be cubes with side ℓ n = ℓ 0 κ −n ].
We fix the choice of the balls R nj of various orders (we shall later integrate over this choice) and discuss the fluctuating distribution of the kinetic energies E(R nj ) of the eddies. We assume that the dynamics of each eddy is universal, up to scaling of space and time, and independent of other eddies. Let the lifetime of the eddy in R nj be T nj . When the eddy in R (n−1)i decomposes into daughter eddies in R nj , conservation of (kinetic) energy
Universality of the dynamics and the scaling properties of the inviscid evolution equations then give
for the initial velocity fields v n , v n−1 of the eddies in R nj , R (n−1)i . We choose the definition of ℓ nj , ℓ (n−1)i so that this relation is exact, therefore (2) gives
Instead of using the initial velocity fields v n , v n−1 we could also average the integrals in
Note that
If v (n−1) and v n are nearly constant in R (n−1)i and R nj respectively they must take quite different values because ℓ nj < ℓ (n−1)i in (3). Therefore (3) and (4) imply big fluctuations of v n between the different R nj (this is intermittency).
For simplicity we shall assume that the fluctuations in size of the R nj for different j are not important (even if there are big fluctuations of v n between the R nj ). In particular we shall let ℓ (n−1)i /ℓ nj = κ independently of i, j. Therefore (3) gives
We make also the essential assumption that the distribution of the v n between the different R nj maximizes the entropy so that the integrals of |v| 3 over the different R nj satisfy a microcanonical distribution with respect to an "energy" |v n | 3 . We can replace this by a canonical distribution
Integrating over angular variables this is
Defining V n = |v n | 3 , which we take for simplicity to be constant in each R nj , we find that V n has a distribution
To obtain (6) and (7) it is crucial that the vector v is 3-dimensional. Using (5) we find that the average value β −1 of V n is V n−1 /κ so that V n is distributed on (0, ∞) according to
In the above argument we imagine |v n | to be initially constant in each R nj , but we could also take V n to be some average of |v n | 3 .
Starting from a given value of V 0 the distribution of V n is thus given by
Integrating over the choice of the R nj with fixed ℓ (n−1)i /ℓ nj = κ does not change the formula (8).
Calculating ζ p .
We compute now the mean value of |v n | p = V p/3 n . We note that
Therefore, using induction, we find
We have ignored the fluctuations of ℓ n , so that we could write ℓ n /ℓ 0 = κ −n and
as proposed in [6] , [7] , [8] .(*)
[It would be possible to take into account the fluctuations of ℓ n and write a formula for ln |v n | p integrating over those fluctuations].
(*) The formula (1) for ζ n yields results for n up to 10 close to those obtained by Victor Yakhot by an approach which is apparently quite different (see [10] ). V.Y. also points out that for n large (n > 50), (1) violates the Hölder inequality, and can no longer be trusted.
3. Estimating the distribution F (u) of the radial velocity increment u.
In this Section we follow [7] , [8] . We write u = ∆ r v = m u m and if r ≈ ℓ n we have u ≈ u n = radial component of v n . Therefore, given V 0 , a rough estimate of F (u) is given by
Instead of F (u) du we may consider the distribution G n (y) dy of y = (κ n /V 0 ) 1/3 |u| so that
and one finds e t G n (e t ) = (φ
with
One can show that G n (y) is a decreasing function of y. Also, F (u) gives a reasonable fit of the numerical data [9] for small u.
The formula (9) suggests a lognormal distribution with respect to u, in agreement with Kolmogorov [5] and Obukhov. However (10) shows that φ, ψ tend only exponentially to 0 at −∞, which is not sufficient to obtain a lognormal distribution and the prediction of ζ n made by the lognormal theory. It is therefore satisfactory that (1) gives a better fit to the experimental data of [1] .(*)
The onset of turbulence.
We may estimate the Reynolds number Re = |v 0 |ℓ 0 /ν for the onset of turbulence by taking (*) See the paper [4] by Giovanni Gallavotti and Pedro Garrido for a discussion of the relation of (9),(10) to Kolmogorov-Obukhov.
Taking 1/ ln κ = .32 hence κ 4/3 = 64.5, with Γ(2/3) ≈ 1.354 gives Re ≈ 87 which agrees with Re ≈ 100 as found in [9] .
